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Abstract
The age of a relational structure A of signature µ is the set age(A) of its finite induced substructures, considered up to
isomorphism. This is an ideal in the poset Ωµ consisting of finite structures of signature µ and ordered by embeddability. We
shall show that if the structures have infinitely many relations and if, among those, infinitely many are at least binary then there
are ideals which do not come from an age. We provide many examples. We particularly look at metric spaces and offer several
problems. We also answer a question due to Cusin and Pabion [R. Cusin, J.F. Pabion, Une ge´ne´ralisation de l’aˆge des relations,
C. R. Acad. Sci. Paris, Se´r. A-B 270 (1970) A17–A20]: there is an ideal I of isomorphism types of at most countable structures
whose signature consists of a single ternary relation symbol such that I does not come from the set ageI(A) of isomorphism types
of substructures of A induced on the members of an ideal I of sets.
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1. Introduction and basic notions
Let N be the set of non-negative integers, N∗ := N \ {0} be the set of positive integers and n ∈ N∗. A n-ary
relation on a set A is a map R : An → {0, 1}. A signature is a function µ : I → N∗ from an index set I into N.
We write µ = (µi ; i ∈ I ) as an indexed set. A relational structure with signature µ is a pair A := (A;RA) where
RA := (RAi )i∈I is a set of relations on A, each relation RAi having arity µi . If A is clear from the context then we
will write R instead of RA and Ri instead of RAi . As much as possible we will denote relational structures by letters
of the form A, B, C, etc. and the corresponding base sets by A, B,C , etc. The cardinality of the relational structure
A := (A;R) is the cardinality of A, which, as usual, will be denoted by |A|.
The signature µ = (µi ; i ∈ I ) is unary, binary, ternary and in general n-ary if the range of the function µ is {1},
{2}, {3} or in general {n}. The signature µ = (µi ; i ∈ I ) is at most binary, ternary and in general n-ary if the range
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of the function µ is a subset of {1, 2}, {1, 2, 3} and in general {1, 2, 3, . . . , n}. The signature µ is finite if the index
set I is finite; it is infinite otherwise. If S ⊆ N∗ then µ−1[S] is the set of all indices i ∈ I for which µi ∈ S. If
|µ−1(N∗)| = 1 then µ is a singleton signature. For example, a relational structure with a binary singleton signature is
a directed graph which may have loops.
A relational structure is unary, binary, ternary, n-ary and so on if its signature is unary, binary, ternary, n-ary,
respectively.
Let A := (A;RA) and B := (B;RB) be two relational structures with common signature µ := (µi ; i ∈ I ). A map
f : A→ B is an isomorphism of A onto B if f is bijective and for all i ∈ I and (x0, x1, . . . , xµi−1) ∈ An :
RAi (x0, x1, . . . , xµi−1) if and only if RBi ( f (x0, f (x1), . . . , f (xµi−1))).
Let A′ be a subset of B, the substructure of B induced on A′, also called the restriction of B to A′ is the relational
structure BA′ := (A′;RA′), where RA′i is the restriction of the map RBi to A′ni . A map f : A→ B is an embedding
of A into B if f is an isomorphism from A onto B f (A). We write A ≤ B to indicate that there exists an embedding
of A into B.
Two relational structures are isomorphic or have the same isomorphism type if there is an isomorphism of one onto
the other. We suppose that isomorphism types have been defined, I s(A) denotes the isomorphism type of A and we
will denote by Ω∗µ the class of isomorphism types of relational structures with signature µ. We will denote by Ωµ the
subclass made of isomorphism types of finite relational structures. This class turns out to be a set (of size ℵ0 if I is
finite, and of size 2|I | otherwise). The relation ≤ is a quasi-order on the class of relational structures with signature µ.
It induces a quasi-ordering on the class Ω∗µ and an ordering on Ωµ, that we will also denote by ≤.
Let A := (A;R) be a relational structure with signature µ = (µi ; i ∈ I ). The skeleton, skel(A), of A is the set
{AF : F is a finite subset of A}. The age, age(A), of A is the set of isomorphism types of the elements of skel(A). If
B is a relational structure then, by a slight abuse of notation, we allow ourselves to write B ∈ age(A) to indicate that
the isomorphism type of B is an element of the age of A. Note that age(A) with the relation ≤ is also a poset.
A subset A of Ωµ, is an ideal if:
(1) A is non-empty.
(2) A is an initial segment, that is B ∈ Ωµ, C ∈ A and B ≤ C implies B ∈ A.
(3) A is up-directed, that is B,B′ ∈ A implies B,B′ ≤ C for some C ∈ A.
Clearly, the age of a relational structure is an ideal. As shown by Fraı¨sse´, see [5], the converse holds for countable
ideals and, hence, particularly in the case when µ is finite. If I is infinite, the converse also holds for every ideal
consisting of the finite models of a set of universal first-order sentences (see Section 2). In his book, W. Hodges
proposed to find an ideal for which the converse does not hold as an exercise for which he has no solution, see [7]
Exercise 17 Chapter 7, p.332. Such an ideal, obtained by the first two authors, is described in [9]. It is made of binary
relational structures coding metric spaces which isometrically embed into the real line equipped with the ordinary
distance. Because of the existence of such an example, we may say that an ideal A of Ωµ is representable if there is
some relational structure A such that age(A) = A and it is κ-representable if there is some relational structure A of
cardinality κ such that age(A) = A.
One purpose of this paper is to point out the following
Problem 1. Which ideals of Ωµ are representable, which ideals are not?
We present only partial results. We give first some examples of representable ideals, see Section 2.1. Examples
lead us to consider the same problem for ideals made of finite metric spaces, ordered by isometrical embedding, see
Section 2.4. The special case of ideals included into age(Rn), where Rn is equipped with the euclidean distance, is
left unresolved. In Section 2.5, we provide many more examples of ideals made of binary relational structures which
are not representable. They are based on a notion of ashes. In Theorem 1 below, we will characterize those signatures
µ for which every ideal of Ωµ is representable.
Theorem 1. The following statements are equivalent:
(i) Every ideal of Ωµ is representable.
(ii) The set µ−1[N∗ \ {1}] is finite.
(iii) The set J(Ωµ) of ideals of Ωµ, equipped with the product topology on P(Ωµ), is compact.
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Problem 2. Let A be an ideal of Ωµ. If the set J(A) of ideals included into A, equipped with the product topology
on P(A), is compact, does A have a representation?
Note that if J(A) is compact, this is the Stone space of the Boolean algebra generated by the subsets of A of the
form ↑ s := {t ∈ A : s ≤ t} for s ∈ A (cf [1]). We may represent members of this Boolean algebra by “sentences”,
replacing ↑ s by ∃s andA\ ↑ s by ∀¬s (this can be made more concrete by means of infinitary sentences). A positive
solution of Problem 2 above amounts to a compactness theorem (for a counterpart, see Section 2.1).
The other purpose of this paper is to derive from this study a solution to a long standing question of Cusin and
Pabion [3] on ideals of Ω∗µ.
Indeed, the same notion of ideals can be introduced on Ω∗µ. Since Ω∗µ is a proper class, we extend the above
stipulations by requiring that an ideal should be a set (and not a proper class). We say that an ideal A of Ω∗µ is
bounded if all its elements have cardinality less than some cardinal κ; it is κ-bounded if all elements have cardinality
less than κ and for every λ < κ there is an element of A of cardinality λ. It follows that every infinite ideal of Ωµ is
an ℵ0-bounded ideal of Ω∗µ.
The notion of age was generalized by Cusin and Pabion in [3] as follows. For a relational structure A and an
ideal J of subsets of A they associated the set ageJ (A) consisting of isomorphism types of substructures induced
by A on elements of J ; more formally, ageJ (A) := {I s(AS) | S ∈ J }. If isomorphism types are quasi-ordered by
embeddability, this set is an ideal of the quasi-ordered set Ω∗µ.
Let us say that an ideal A of Ω∗µ is representable, if there is a relational structure A and an ideal J of subsets of
A such that ageJ (A) = A. Note that if A is an ideal of Ωµ then it is representable in this more general sense if and
only if it is representable as defined previously. (To check this, let A be a relational structure and let J be an ideal of
finite subsets of A so that ageJ (A) = A. Let B be the union of the elements of J and B := AB . Then every finite
subset F of B is in J because the singletons of B are elements of J and J is an up-directed initial segment. Hence
BF ∈ A implying age(B) ⊆ A. On the other hand every element of A is finite and hence an element of age(B).)
Cusin and Pabion asked in [3] the following question. Suppose that µ is a singleton signature. Is it then true, that
every ideal of Ω∗µ is representable?
We solve this question by the negative. We will prove in Theorem 2 that if µ is a singleton ternary signature then
there is an ideal A of Ω∗µ whose elements are countable relational structures and A is not representable.
Theorem 2. Let µ be a singleton ternary signature. There is an ℵ1-bounded idealA in Ω∗µ which is not representable.
We do not know if there is an example with binary relations. In the case when µ is a singleton signature, we do not
know if for every uncountable cardinal κ there exists a non-representable κ-bounded ideal of Ω∗µ.
A suggestive example of representable ideals of Ω∗µ, that we owe to a referee, is the following. If G is a finite
graph, then Forb(G) denotes the set of isomorphism types of at most countable graphs not containing G as a (not
necessarily induced) subgraph. Clearly, Forb(G) is an ideal of Ω∗µ. By a result of Fu¨redi and Komja´th (see [6]), if
G is finite, 2-connected and noncomplete, then Forb(G) does not contain an universal element, that is, there are no
elements of Forb(G) in which all of its other elements could be embedded as a (not necessarily induced) subgraph.
It follows that Forb(G) is an ideal which cannot be obtained as the set of all isomorphism types of at most countable
induced subgraphs of a countable graph. However, Forb(G) is representable by means of an uncountable graph.
Indeed, Forb(G) = ageJ (H) where H is the direct sum of all members of Forb(G) and J is the ideal of at most
countable subsets of the vertex set H of H. This is general: if µ is a finite signature and A is an ideal of Ωµ, the set
C of isomorphism types of at most countable structures A such that age(A) ⊆ A is representable (this fact follows
easily from the compactness theorem of first-order logic). A necessary and sufficient condition that A must satisfy in
order that C is representable by means of a countable structure H is given in [8] (see also [5]). If µ is infinite, we can
only offer the following problem.
Problem 3. IfA is an ideal of Ωµ, when is the set C of isomorphism types of at most countable structures A such that
age(A) ⊆ A representable?
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2. Representable and non-representable ideals
2.1. Ideals defined by sets of universal sentences
A sufficient condition for representability of an ideal A of Ωµ with an arbitrary signature µ can be expressed in
model-theoretic terms. As is well-known, the class mod(T ) of models of a first-order theory T is an ideal of Ω∗µ if and
only if T is universal (that is, can be axiomatized by universal sentences) and for every disjunction ϕ ∨ψ of universal
sentences, ϕ ∨ψ ∈ T if and only if ϕ ∈ T or ψ ∈ T [2]. With the compactness theorem of first-order logic, it follows
that an ideal A of Ωµ, which consists of the finite models (up-to isomorphism) of a universal theory, is representable.
Furthermore, if A is infinite, it is κ-representable for every κ ≥ |A|.
The above condition on A can be easily translated in terms of reducts as follows.
Let µ : I → N∗ be a signature. If I ′ is a subset of I , we denote by µI ′ the restriction of µ to I ′.
If A := (A; (RAi )i∈I ) is a relational structure with signature µ, the I ′-reduct of A is the relational structure
AI
′ := (A; (RAi )i∈I ′) of signature µI ′ . If I ′ is finite, AI
′
is a finite reduct of A. If C is a class of relational structures
of signature µ, we denote by CI ′ the class of I ′-reducts of members of C. We denote by Ĉ the class of relational
structures A such that AI
′ ∈ CI ′ for every finite I ′ ⊆ I . We say that C is closed if C = Ĉ. We use freely the same
notations for classes made of isomorphism types of relational structures.
It is not hard to show that if A is an ideal of Ωµ then Â is an ideal too. And also that an ideal A is closed if and
only if A is the set of finite models of a universal theory. Hence, we may recast the aforementioned fact as:
Theorem 3. Every closed ideal A of Ωµ is representable; if A is infinite, it is κ-representable for every κ ≥ |A|.
A proof using compactness is a straightforward exercise. See [9] for a more detailed discussion.
2.2. The extension property
LetA be an ideal of Ωµ. A relational structure A with age included intoA is extendable w.r.t.A if for every B ∈ A
there is some C, with age included into A, which extends both A and B. An ideal A of Ωµ has the extension property
if every A ∈ Ω∗µ such that |A| < κ := |A| and age(A) ⊆ A is extendable w.r.t. A.
Lemma 1. If an ideal A of Ωµ has the extension property then it is representable.
Proof. Let κ := |A| and let (Bα)α<κ be an enumeration of the members of A. We define a sequence (Aα)α<κ such
that:
(1) |Aα| < ℵ0 if α < ω and |Aα| ≤ |α|, otherwise.
(2) Aα ⊆ Aα′ and (Aα′)Aα = Aα for every α < α′ < κ .
(3) age(Aα) ⊆ A.
(4) Bα ≤ Aα+1.
We start with A0 equal to the relational structure on the empty set, and we use transfinite recursion. To get Aα+1
we apply the extendibility property of A to A := Aα and B := Bα . At limit stages we define Aα to be ∪γ<α Aγ .
Clearly, Aκ has age A.
Corollary 1. Every countable ideal is representable.
In view of Problem 2 we may ask:
Problem 4. Let A be an ideal of Ωµ. If J(A) is compact, does A have the extension property?
2.3. The amalgamation property
Let C ⊆ Ω∗µ. Let f1 : A→ A1 and f2 : A→ A2 be a pair of embeddings such that A,A1,A2 ∈ C. We say that this
pair amalgamates if there are two embeddings g1 : A1 → B and g2 : A2 → B such thatB ∈ C and g1◦ f1 = g2◦ f2.
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We say that C has the amalgamation property if every pair of embeddings amalgamates. If this property holds for pairs
of embeddings whose domain have size at most κ , we say that C has the κ-amalgamation property
Lemma 2. Let A be an ideal of Ωµ; if A has the amalgamation property, then the collection of countable A whose
age is included into A has the ℵ0-amalgamation property. In particular, if A has size at most ℵ1 then it has the
extension property.
Proof. One proves first that every pair of embeddings f1 : A → A1 and f2 : A → A2 such that A,A1 ∈ A,
age(A2) ⊆ A and A2 countable amalgamates. For that, one writes A2 as an increasing sequence (A2,n)n∈ω of finite
sets containing the image of A and one successively amalgamates A1 with the A2,n . This allows us to do the same
when the condition on A1 is relaxed.
Corollary 2. If an ideal of Ωµ has the amalgamation property and has size at most ℵ1 then it is representable.
Problem 5. Let A be an ideal of Ωµ. Suppose that A has the amalgamation property.
(1) Does A has a representation?
(2) Is there an homogeneous A such that age(A) = A? (A is defined to be homogeneous iff the following holds: if a
and b are finite tuples of A spanning isomorphic substructures ofA, then there is an automorphism ofA mapping
a onto b.)
2.4. Metric spaces as relational structures and representability
Metric spaces can be encoded, in several ways, as binary relational structures in such a way that isometries
correspond to embeddings, see [4]. For example, let µ : Q+ → {2}. To each metric space M := (M, d), where
d is a distance over the set M , we may associate the relational structure rel(M) := (M, (δr )r∈Q+) of signature µ
where δr (x, y) = 1 if d(x, y) ≤ r and δr (x, y) = 0 otherwise. With this definition, d(x, y) is the infimum of the set
of r ’s such that δr (x, y) = 1, hence we may recover M from rel(M). From this fact, it follows that:
(1) for two metric spaces M := (M, d), M′ := (M ′, d ′), a map f : M → M ′ is an isometry from M into M′ if and
only this is an embedding from rel(M) into rel(M′).
(2) Moreover, if A is a relational structure of signature µ such that every induced substructure on at most 3 elements
embeds into M′, then there is a distance d on A such that rel((A, d)) = A.
If we compare metric spaces via isometric embeddings, the class M, resp. M<ω, of metric spaces, resp. finite
metric spaces, is an ideal. Hence, M and M<ω yield an ideal of Ω∗µ and of Ωµ respectively. It make sense then to
consider the representability of an ideal C of M<ω. Because of item 1 above, its image A into Ω∗µ is an ideal and
because of item 2 the representability of A amounts to the representability of C.
The ideal M<ω is representable, e.g. by the space `∞R (N) of bounded sequences of reals, equipped with the “sup”
distance. But, it turns out that there are plenty of non-representable ideals of M<ω. We give some examples below.
Let M := (M, d) be a metric space. Let a ∈ M , we set spec(M, a) := {d(a, x) : x ∈ M} and, for r ∈ R+,
we set BM(a, r) := {x ∈ M : d(a, x) ≤ r}. The spectrum of M is the set spec(M) :=
⋃{spec(M, a) : a ∈ M}.
The diameter of M is δ(M) := sup(spec(M)) and we set d(M) := inf(spec(M) \ {0}) (hence δ(M) := +∞ if M is
unbounded and d(M) := +∞ if |M | ≤ 1). If C is a set of metric spaces, we set d(C) := inf{d(M) : M ∈ C}. Let
t ∈ R+, we set ωt (M) := sup{|X | : X ⊆ M and d(MX ) ≥ t}. We say that M is t-totally bounded if ωt (M) is finite
and that M is totally bounded if M is t-totally-bounded for every t ∈ R∗+. We say that M is t-uniformly bounded if
ωt (MX ) ≤ ϕt (δ(MX )) for some non-decreasing map ϕt : R+→ R+ and every bounded subspace MX of M.
Lemma 3. Let M be a t-totally bounded metric space. Let C ⊆ age(M) be an ideal such that d(C) ≥ t . Then C is
representable iff C is countable.
Proof. Suppose that C is representable. Let M′ := (M ′, d ′) be a representation.
Claim.
|X ′| = ωt (M′X ′) ≤ ϕt (δ(M′X ′))
for every bounded subset X ′ of M′.
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Proof of the Claim. Since age(M′) ⊆ C, we have d(M′X ′) ≥ t . The equality follows. If the inequality above does not
hold then X ′ contains a finite subset X ′′ with more than s := ϕt (δ(M′X ′)) elements. But then for some finite subset X
of M such that MX is isometric to M′X ′′ we have |X | = ωt (MX ) ≤ ϕt (δ(MX )) ≤ s. A contradiction.
From our claim, each ball in M′ is finite, hence M′ is countable. Thus C = age(M′) is countable. Conversely, if C
is countable then it is representable from Corollary 1.
Proposition 1. Let M be an unbounded metric space whose group of isometries, Aut (M), acts transitively on the
elements of M. Suppose that for some t ∈ R∗+, spec(M) ∩ [t,+∞) is uncountable and every bounded subset of M
is t-totally bounded, then aget (M) := {I s(MX ) : d(MX ) ≥ t and X is finite} is a non-representable ideal of
age(M).
Proof. Claim 1. Let t ∈ R∗+, then M is t-uniformly bounded.
Proof of Claim 1. This follows from the fact that Aut (M) is transitive and every bounded subspace is t-totally bounded.
To see it, fix a ∈ M . Let ϕ : R+ → R+ defined by setting ϕt (r) := ωt (MBM(a,r)). Let MX be a bounded subspace
of M and let r := δ(MX ). Since Aut (M) is transitive, MX is isometric to MX ′ for some subset X ′ of BM(a, r).
Hence, ωt (MX ) = ωt (MX ′) ≤ ωt (MX ′) = ϕt (r).
Claim 2. aget (M) is an uncountable ideal.
Proof of Claim 2. Since M is unbounded and Aut (M) is transitive, aget (M) is an ideal. Let a ∈ M . Since Aut (M) is
transitive, spec(M, a) = spec(M), hence spec(M, a) ∩ [t,+∞[ is uncountable. Thus aget (M) contains uncountably
many 2-element metric spaces.
We consider more generally ideals made of metric spaces which omit a given set of distances. Precisely, let M be
a metric space, κ := |M | and let A ⊆ R∗+; we set age−A(M) := {I s(MX ) : spec(MX ) ∩ A = ∅ and X is finite}.
Given a type b ∈ age(M), let Orb(b,M) := {X ⊆ M : I s(MX ) = b}; given r ∈ R+ and a ∈ M , we set
SM(a, r) := {x ∈ M : d(a, x) = r}.
Proposition 2. Let M be a metric space and let κ := spec(M). Suppose that κ is infinite and that there is a cardinal
λ < κ := spec(M) such that for every s ∈ age(M), Orb(b,M) contains a subset Xb of size at least κ such that
|{F ∈ Xb : F ∩ SM(a, r) 6= ∅}| ≤ λ for every a ∈ M, r ∈ R+. Let A ⊆ R∗+ such that |A| < κ . Then age−A(M) is an
ideal representable by some subspace of M.
Proof. We mimic the proof of Lemma 1. Let (bα)α<κ be an enumeration of the members of age−A(M). We define a
sequence (Xα)α<κ of subsets of M such that:
(1) |Xα| < ℵ0 if α < ω and |Xα| ≤ |α|, otherwise.
(2) Xα ⊆ Xα′
(3) age(MXα ) ⊆ age−A(M).
(4) bα ∈ age(MXα+1).
We start with X0 := ∅. To get
Xα+1 we select some subset F ∈ Orb(bα,M) such that age(MXα∪F ) ∈ age−A(M). If this was impossible, then
for each F ∈ Xb ⊆ Orb(bα,M) we will find (xF , rF ) ∈ Xα × A such that d(xF , yF ) = rF for some yF ∈ F . Since
|Xb| ≥ κ > |Xα × A|, there is a subset X ′ of size at least λ+ and a pair (a, r) such that (xF , rF ) = (a, r) for all
F ∈ X ′ but then |{F ∈ Xb : F ∩ SM(a, r) 6= ∅}| ≥ λ+ contradicting our hypotheses on Orb(bα,M). This allows us
to set Xα+1 := Xα ∪ X . At limit stages we define Xα to be⋃{Xγ : γ < α}.
Let n ∈ N∗ and let Rn be the set of n-tuples of reals, equipped with the euclidean distance d2. Then (Rn, d2)
satisfies the hypotheses of Proposition 1 above and this for every t . It also satisfies the hypotheses of Proposition 2
(fix a direction in Rn and in each Orb(b,Rn) select an orbit Xb according to this group and finally set λ := ℵ0). The
same facts hold if the euclidean distance is replaced by any distance associated with a vector space norm on Rn . Then,
we have the following:
Corollary 3. Let n ∈ N∗.
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• For every positive real t , the set aget ((Rn, d2)) of isometric types of finite subspaces X of (Rn, d2) such that
d(X) ≥ t is a non representable ideal.
• For every subset A ⊂ R∗+ of size κ < 2ℵ0 , the set age−A(M) of isometric types of subspaces X of (Rn, d2) whose
distances does not belong to A is an ideal representable by a subset of Rn .
The example of a non-representable ideal given in [9] is age1(R). By taking A := Q+, the second item of the
corollary above asserts that there are subspaces X of the real line whose age is the set age−Q+(R) made of all finite
metric spaces with no rational non-zero distances. Such spaces are sections of the quotient R/Q of the additive group
R by the additive groupQ, but not every section provides such a space. The metric space Smade of the unit circle with
the arc length metric satisfies the hypotheses of Proposition 2. We do not know if age(S) contains an non-representable
ideal.
In the case of R or even Rn , we can say a little more.
Let (R, d) where d(x, y) := |x − y|. Note first that a 3-element metric space isometrically embeds into (R, d) iff
one distance is the sum of the two others; a 4-element metric space whose all 3-element subsets embed into (R, d)
does not necessarily embed into (R, d) (think of four vertices forming a “rectangle” whose sides have length a and b
and diagonal length c := a + b). However, all the ≤ 4-element subspaces of a metric space M embed isometrically
into (R, d) if and only if M isometrically embeds into (R, d); moreover an embedding from M into R is determined
by its values on any 2-element subset ofM. This extends: all ≤ n+ 3-elements subspaces of a metric spaceM embed
into (Rn, d2) iff M embeds into (Rn, d2).
From this, we immediately have:
• if C ⊆ age((Rn, d2)) is a representable ideal, all its representations embed into (Rn, d2). Hence have cardinality at
most the continuum.
Which is a substantial difference to the representability of closed ideals.
Let us mention that in the case of the real line, the two problems in Problem 4 have a positive answer.
Lemma 4. Let R be the real line equipped with the ordinary distance. Let C ⊆ age(R) be an ideal.
Then C has the 2-amalgamation property if and only if there is a homogeneous metric space D whose age is C.
Moreover, if C contains at least a 3-element metric space, then D = (G, dG) where G is an additive subgroup of R
and dG is induced by the distance on R.
Proof. We just give a hint. Let C ⊆ age(R) be an ideal. Let V := ∪{spec(M) :M ∈ C}.
Case 1. |V | ≤ 2. In this case V = {0, v} and D := (V, dV ) has the required property.
Case 2. |V | ≥ 2. Set G := V ∪ −V .
Claim 1. If C has the 2-amalgamation property then G is a subgroup of R. The proof of this claim breaks into three
parts; we leave the verification to the reader.
Subclaim 1. For every finite subset F of V there is some M ∈ C and a ∈ M such that F ⊆ spec(M, a).
Subclaim 2. V is unbounded.
Subclaim 3. y − x ∈ V and x + y ∈ V for every x, y ∈ V with x ≤ y.
Claim 2. Let G be an additive subgroup of R and D := (G, dG). Let f be an isometry from a subset A of G onto
a subset A. Then f extends to an isometry. Indeed, we may suppose A 6= ∅. Let x ∈ A and x ′ := f (x) ∈ A′. Let
g+(y) := x ′ + y − x for all y ∈ G and g−(y) := x ′ − y + x for all y ∈ G. These two maps are isometries from D
into itself and one of these extends f . This proves Claim 2.
Note that the 1-amalgamation property provides a representative M with Aut (M) transitive. As an example let
M := a · Z ∪ (b + a · Z) with 0 < b < a2 and M := (M, dM ).
Problem 6. (1) Describe the amalgamable ideals and the homogeneous subspaces of (Rn, d2);
(2) Characterize the representable ideals of (Rn, d2).
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2.5. A construction of non-representable ideals
Let S be a set. A set S of finite subsets of S is an ash on S if:
(1) {s} ∈ S for every s ∈ S.
(2) For every finite subset F of S there exists an element s ∈ S \⋃F so that {s} ∪ F ∈ S for every set F ∈ F .
(3) For every subset S′ of S with |S′| = |S| there is a finite subset F of S′ with F 6∈ S.
Note that there is no ash on a finite set.
An ash can be obtained as follows. Let κ be an infinite cardinal and T a family which consists of κ sets of cardinality
κ+ for which there is no finite subset F ⊆ ⋃ T with X ∩ F 6= ∅ for all X ∈ T . (For example the elements of T are
disjoint.) Let 0 6= n ∈ ω and let S be the set of finite subsets F ⊆ S :=⋃ T with |F ∩ X | ≤ n for all X ∈ T . Then S
is an ash on S.
Let µ := S → {2}. Let S be an ash on S and let AS be the collection of all finite relational structures A in Ωµ for
which for all x, y, z ∈ A and s, t ∈ S:
(1) ¬Rs(x, x).
(2) If Rs(x, y) then Rs(y, x).
(3) If Rs(x, y) and Rt (x, y) then s = t and if Rs(x, y) and Rs(x, z) then y = z.
(4) If x 6= y then there exists an element r ∈ S so that Rr (x, y).
(5) Every non-empty subset of the set {r ∈ S : ∃u ∈ A : Rr (x, u)} is an element of S.
Note that the elements of AS are graphs with several types of edges, a type of edge for every element of S.
Lemma 5. Let S be an ash on the set S. Then AS is an ideal of Ωµ.
Proof. It follows directly from the definition that AS is closed under induced substructures. Let A and B be two
elements of AS with A ∩ B = ∅. Item 2 of the definition of ash allows us to determine successively an edge type
for every pair (x, y) with x ∈ A and y ∈ B, satisfying items 1 to 5 of the definition of AS . It follows that AS is
up-directed.
Lemma 6. Let S be an ash on the set S. Then AS is not representable.
Proof. Assume for a contradiction that there is a relational structureAwhose age is equal toAS . Let x ∈ A. It follows
from items 3 and 4 of the definition of AS that there exists an injection f : A \ {x} → S so that R f (y)(x, y) for every
element y ∈ A \ {x}.
Because every two element structure ofAS is isomorphic to an induced substructure of A it follows that |A| ≥ |S|.
Hence | f [A \ {x}]| = |S| which in turn implies using item 3 of the definition of an ash that there is a finite subset
F ⊆ f [A \ {x}] with F 6∈ S. But this leads to a contradiction because the substructure of A induced by the set
{x} ∪ {y : ∃s ∈ F : Rs(x, y)} is not an element of AS according to item 5 of the definition of AS .
With the theorem of R. Fraı¨sse´ asserting that every ideal with countable signature is representable, this yields:
Corollary 4. Let S be an ash on the set S. Then |S| > ℵ0.
The graph G is an ash-graph if it has the following two properties:
• For every finite subset F ⊆ G there exists a vertex v ∈ G \ F which is adjacent to every vertex in F .
• The graph G does not contain a complete subgraph K with |K | = |G|.
Note that the set of finite subsets F of G which contain an element adjacent to all the other elements of F is an ash
on G.
An ash-graph G can be obtained as follows. Let M := (M; d) be a metric space with the properties:
• For every finite subset F of M there exists an element x ∈ M with d(x, y) ≥ 1 for all y ∈ F .
• Every subset W of M with |W | = |M | contains two elements x, y with x 6= y and d(x, y) < 1.
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Such a metric space is an ash-space. The set of real numbers is an example of an ash-space.
LetM := (M; d) be an ash-space. Then the graph G with vertex set M in which two different vertices are adjacent
if and only if their distance is larger than or equal to 1 is an ash-graph. On the other hand if G is an ash-graph, then the
metric space (G; d) with d(x, y) = 1 if x is adjacent to y and d(x, y) = 12 if x is not adjacent to y is an ash-space.
Let P := (P; ≤) be an up-directed poset which does not contain a maximal element and no chain of size |P|. Such
a poset is an ash-poset. Let P := (P; ≤) be an ash-poset. Let P be the set of finite subsets F of P which contain an
element x with x ≥ y for all y ∈ F . It follows that P is an ash on P .
For example, let κ > ℵ0 be a cardinal and let P be the poset on the set of finite subsets of κ with ⊆ as the order
relation. Then P is an ash-poset.
Let S be an ash on the set S. We used a particular construction to obtain a non-representable age. There are many
other ways. For an example, we can generalise in an obvious way from binary to n-ary relations and we can define
generalized edges of some type s ∈ S as n-tuples for which a relation of the form Rs holds. Of course the relations do
not have to be symmetric.
3. Proof of Theorem 1
We will use the following fact. Let P be a poset and let J(P) be the set of ideals of P . We think of J(P) as being
equipped with the topology induced by the product topology on the power set of P . Then J(P) is compact if and only
if P is a finite union of principal final segments and ↑ x∩ ↑ y is a finite union of principal final segments, for all
x, y ∈ P (for a proof, see [1]).
Applying this to a non-empty initial segment C of Ωµ and observing that Ωµ has a least element and does not have
an infinite descending chain, we get that J(C) is compact if and only if for every A,B ∈ C there are at most finitely
many non-isomorphic C ∈ C such that:
(1) A,B ≤ C.
(2) If x ∈ C then A 6≤ CC\{x} or B 6≤ CC\{x}.
Lemma 7. J(Ωµ) is compact if and only if µ−1[N∗ \ {1}] is finite.
Proof. Let us check that if C := Ωµ and µ−1[N \ {1}] is finite then only finitely many non-isomorphic C satisfy
Conditions 1 and 2 above. Let A,B ∈ C. Let m := |A| and n := |B|. Suppose C satisfies Conditions 1 and 2 and
let rC := |C |. We may suppose that C = {1, . . . , rC}. Let AC, BC ⊆ C such that CAC ∼= A and CBC ∼= B. Clearly
AC ∪ BC = C , hence rC ≤ m + n. If there are infinitely many non-isomorphic C satisfying Conditions 1 and 2,
there are infinitely many for which rC, AC, BC, CAC and CBC are independent of C. Let r, A, B such a triple. Since
A ∪ B = {1, . . . , r}, all unary relations on {1, . . . , r} are entirely determined. Let I ′ := µ−1[N∗ \ {1}]. Since I ′ is
finite, the number of relational structures of signature µI ′ defined on {1, . . . , r} is finite but then one cannot define
infinitely many relational structures of signature µ on this set. A contradiction.
Let 2 be the constant map from N to {2}.
Claim 1. If µ−1[N∗ \ {1}] is infinite then J(Ω2) can be mapped continuously into J(Ωµ) by a one-to-one map.
Proof of Claim 1. Let ϕ : ω → µ−1[N∗ \ {1}] be a one-to-one map and let rang(ϕ) be its range. For every
A := (A, (Ri )i<ω) ∈ Ω∗2 , let F(A) := (A, (Si )i∈I ) where Si : Ani → {0} if i 6∈ rang(ϕ) and Si ((x1, . . . , xni )) :=
R j ((x1, x2)) if i := ϕ( j). Clearly,
(1) F(AB) = F(A)B for every A ∈ Ω∗2 and B ⊆ A;
(2) If A, A′ ∈ Ω∗2 , a map f is an isomorphism from F(A) onto F(A′)if and only if f is an isomorphism from A onto
A′.
Consequently, F defines an embedding from Ω2 onto an initial segment of Ωµ. This map induces a continuous
embedding from J(Ω2) into J(Ωµ).
Claim 2. J(Ω2) is not compact.
Proof of Claim 2. Let A,B, where A := {0}, RAi : A2 → {1}, B := {1}, RBi : B2 → {0} for i < N. Let Cn where
Cn := {0, 1}, RCn (x, y) = 1 iff (x, y) ∈ {(0, 0), (0, 1)} and RCi (x, y) = 1 iff (x, y) = (0, 0) in case i 6= n. The Cn’s
satisfy Conditions 1 and 2 above. Hence, J(Ω2) cannot be compact.
It follows from Claim 1 and 2 that J(Ωµ) cannot be compact if µ−1[N∗ \ {1}] is infinite. This completes the proof.
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Lemma 8. µ−1[N∗ \ {1}] is finite if and only if every ideal A ∈ J(Ωµ) is representable.
Proof. Suppose that µ−1[N∗ \ {1}] is finite. Let A ∈ J(Ωµ). For each s ∈ A, let ↑ s := {t ∈ A : s ≤ t}. The set
F := {X ⊆ A :↑ s ⊆ X for some s ∈ A} is a filter. Let U be an ultrafilter on A containing it.
Let A∗ be the set of non-empty members of A∗. For each s ∈ A∗, let Ss such that I s(Ss) = s and
Ss := {1, . . . , |s|}. Let A := Πs∈A∗Ss/U be the ultraproduct of the Ss’ s. Let B := {(xs)s∈A∗ : there is a t ∈
A such that {s : Ss{xs} = t} ∈ U}.
Claim. age(AB) = A.
First, A ⊆ age(AB). Indeed, let s ∈ A. For every s′ ≥ s select an embedding ϕs′ of Ss into Ss′ . Let
X := {(x is′)s′∈A : 1 ≤ i ≤ |s| and x is′ := ϕs′(i) for each s′ ≥ s}. Then X ⊆ B and age(AX ) = s.
Next, age(AB) ⊆ A. Indeed, let Y := {(yis)s∈A : 1 ≤ i ≤ n} be a n-element subset of B. We claim that here is
some s ∈ A such that the projection ps from B onto Ss induces an isomorphism from AY onto Ss{yis:1≤i≤n}. Due
to the choice of the ultrafilter, it is obvious that there is some s such that ps preserves the unary relations. Now, let
I ′ := µ−1[N∗ \ {1}]; since there are only finitely many relational structures of signature µI ′ on an n-element set, we
may find s such that the other relations can be preserved. From this AY ∈ A.
Suppose that µ−1[N∗ \ {1}] is infinite. According to Claim 1 of Lemma 7, J(Ω2) can be mapped continuously
into J(Ωµ) by a one-to-one map. According to Corollary 3, Ω2 contains non-representable ideals. If A is a non-
representable ideal of Ω2 then, as it is easy to check, its image is a non-representable ideal of Ωµ.
With this, the proof of Lemma 8 is complete.
4. Proof of Theorem 2
Let 2 : N → {2} and let Ω∗(3) be the class of relational structures containing a single ternary relation. To each
relational structure A := (A;R) ∈ Ω∗2 such that A ∩N = ∅, we associate F(A) := (A ∪N, T ) ∈ Ω∗(3) such that T :=
X ∪Y , where X := {(x, y, z) ∈ N3 \{(1, 0, 1)} : x+ y = z}∪{(1, 0, 0)} and Y := {(x, y, z) ∈ A2×N : (x, y) ∈ RAz }.
Claim 1. Let A := (A;R), A′ := (A′;R′) be two binary relational structures as above, then:
(1) A map f : A→ A′ is an isomorphism from A into A′ if and only if the map F( f ) := f ∪ 1N extending f by the
identity on N is an isomorphism from F(A) into F(A′).
(2) Every isomorphism g : F(A)→ F(A′) is of the form F( f ) for some isomorphism f : A→ A′.
Proof of Claim 1. Part (1) is straightforward to check.
Proof. Part (2). Let g : F(A) → F(A′) be an isomorphism. First, g is the identity on N. Indeed, as is easy to see,
each element of N is definable by an existential formula. To be precise, 0 is the unique element x of A′ ∪ N such
that (x, x, x) ∈ T ′, hence g(0) = 0. Also, (0, y, z) ∈ T ′ implies that y = z and y ∈ N, from which it follows that
g(N) ⊆ N. Furthermore, g(1) = 1 since 1 is the only element x 6= 0 of A′ such that (x, 0, 0) ∈ T ′. Since n + 1 is the
unique element x of A′ such that (n, 1, x) ∈ T ′, we have g(n + 1) = n + 1 for all n. Second, since g maps N onto N,
it maps A into A′. Clearly, for every z ∈ N, we have (x, y) ∈ RAz if and only if (g(x), g(y)) ∈ RA′z that is f := gA is
an isomorphism from A into A′, proving that g = F( f ).
Let C be a set of relational structures: we denote by ↓ C the set of isomorphism types of relational structures which
embed into some member of C.
Claim 2. Let C be a subset of Ω∗2 made of relational structures as above. Then ↓ C is a representable ideal if and only
if ↓ F[C] is a representable ideal of Ω∗(3).
Proof of Claim 2.
Suppose that ↓ C is representable. Let A := (A;R) be a relational structure and J be an ideal of subsets
of A such that AJ(A) =↓ C . With no loss of generality, we may suppose A ∩ N = ∅. Let B := F(A) and
K := {X ⊆ A ∪ N : X ∩ A ∈ J}. From Part (1) of Claim 1 we obtain that AK(B) =↓ F[C] proving that ↓ F[C] is
representable.
Conversely, suppose that ↓ F[C] is representable. Let B := (B; T ) be a relational structure consisting of a single
ternary relation T and let K be an ideal of subsets of B such that AK(B) =↓ F[C]. For each A ∈ C, there is some
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XA ∈ K and an isomorphism gA from F(A) onto BXA . We claim that gAN is independent of A. To see that, take
A,A′ ∈ C. Since K is an ideal, it contains the union Y of the ranges of gA and gA′ , hence there is some Y ′ ∈ K such
that BY ′ is isomorphic to a member of F[C] and there is some embedding h from BY into BY ′ . According to Part
(2) of Claim (1), h ◦ gA = h ◦ gA′ proving our claim. Identifying N′ := gA[N] to N allows us to define a relational
structure A such that B = F(A). For J := {X \ N : X ∈ K} we have AJ(A) =↓ C proving that ↓ C is representable.
Taking for C a non-representable ideal of finite binary relational structures (as given by Corollary 3), we get an
ideal of countable ternary relations which is not-representable. With this the proof of Theorem 2 is complete.
5. Conclusion
We just scratched the surface of Problem 1. We posed the question of the representability of ideals of metric spaces.
Besides Problems EMPTY, we offer a very basic one:
Problem 7. Does the representability of an ideal of Ωµ depend only upon its order structure? In the most general
form, the problem is this. Let A,A′ be two ideals of Ωµ,Ωµ′ which are order isomorphic; is A representable if and
only if A′ is representable?
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